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1. Hartree 5 F£(1928)
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6. Slater’s Xa H&
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7. B EZ Bk R 18 (Density functional theory)
(1) Thomas-Fermi-Dirac Model

* energy as a function of the one electron density, p
* nuclear-electron attraction, electron-electron repulsion

J[p]sz(lzp(z) drdr,

12

Thomas-Fermi approximation for the kinetic energy

3
T[pl=c|p’’dr c¢=—@03x")*"
[pl=c[p 0 37

Slater approximation for the exchange energy

4/3 9a (3"
K[pl=c[p* dr c=——| =] a=066~1
T
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Thomas-Fermi Model

 Thomas-Fermi model (semiclassical): 1927

* Electron density of a uniform electron gas:

n= 2 2 40
2r)’

(volume of Fermi sphere) = 7k ;.

(2r)’ 3

 Fermi wavevector and electron kinetic energy of a uniform electron gas

kF — (37T2n)1/3

B (hk)Z B h2[37z_2n]2/3

2m 2m

T
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Thomas-Fermi Model

_(rk)*  R[37°n]?”
2m 2m

T

We may assume that the Kkinetic energy of the electron gas depends on the
local electron density:

(hk)* _ 1’3’ ()"

2m 2m

T(F) =

The total kinetic energy of electrons in the system is therefore a functional
of electron density:

T = j T(Fn(F)d*r=C j (P dr
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(2) The Hohenberg-Kohn Theorem

In 1964, Hohenberg and Kohn proved that

“For molecules with a nondegenerate ground state, the ground-state

molecular energy, wave function and all other molecular electronic

properties are uniquely determined by the ground-state electron

probability density 0, (X, V', Z), namely, E,=E, [po] >

Phys. Rev. 136, 13864 (1964)

Density functional theory (DFT) attempts to
calculate £, and other ground-state molecular properties

from the ground-state electron density O, .
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Proof:

The electronic Hamiltonian 1s
A=-33 VSl BT L

i>j l]
ol7;) =~

Hy, = Ey,

In DFT, U(Fl) is called the external potential acting on electron i, since

it 1s produced by charges external to the system of electrons.

Once the external potential U(f'l) and the number of electrons n are specified,
the electronic wave functions and allowed energies of the molecule are

determined as the solutions of the electronic Schrodinger equation.
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Now we need to prove that the ground-state electron probability density 0, (17 )

the external potential (except for an arbitrary additive constant)

determines
the number of electrons.

a) Since j Jol (77 )d? =n, P, (77 ) determines the number of electrons.

b) To see that O, (77 ) determines the external potential U(?l ) , W€ suppose

that this is false and that there are two external potentials v _ and U, (differing

by more than a constant) that each give rise to the same ground-state electron

density O

www . kaoyancas . net
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_%év;éu( )+Zz_

1>] l]

= ——ZV +Zub( )+ZZ—

1>] l]

HaWO,a — EO,al/IO,a
Hyyo, = Eo W0,

Woas E 0.a - the exact ground-state wave function and energy of [;( .

Wb E 0b - the exact ground-state wave function and energy of Ff ,

Since H , and H , differ by more than a constant,

Vo and W must be different functions.
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Proof:

Assume ¥/ =¥, , thus

N

Hy,,=E) W
at 0,a 0,a? 0,a N N
. F = (Ha —-H, )Vo,a = (EO,a —Eoy Woa

S0 = (6B

i=1

7, )— L, (fl )] = a constant, which contradicts the given

information.

If the ground state is nondegenerate, then there is only one normalized
function, the exact ground-state wave function ¥/, that gives the exact ground

state energy Eo for a given Hamiltonian ]:] .
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According to the variation theorem, suppose that ¢ is any normalized

well-behaved trial variation function.
If @ # W, ,then <¢‘[:I‘¢> > E,

Now use ¥/, ;, as a trial function with the Hamiltonian // , then

EO,a < <l//0,b a , >

:<l//0,b a p — 41y >
:<Wo,b o« 11y ,>+<Wo,b

Substituting H ]—[ Z [

Ub( ) gives

l

n

E,, < <Wo,b Z [Ua (’71)_ Uy, (’71 ) Wo,b> +Ey,

i=1
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Let B (rl. ) be a function of the spatial coordinates x,, y,,z, of electron i,

then

Using the above result, we get

Ly, < I Lo (F)[Ua (77) —U, (’7)]61177 + L,
Similarly, i1f we go through the same reasoning with a and b interchanged,

we get

Ly, <jpo [Ub( ) (F)]dF+Eo,a

www . kaoyancas . net
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By hypothesis, the two different wave functions give the same electron

density: Oy, = Py, . Putting 0y, = P, and adding the above two inequalities

yield

EO,a +E0,b < EO,b +E0,a

This result is false, so our initial assumption that two different external

potentials could produce the same ground-state electron density must be false.

Hence, the ground-state electron probability density O, determines the external

potential (to within an additive constant that simply affects the zero level of

energy) and also determines the number of electrons.
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“For systems with a nondegenerate ground state, the ground-state electron

probability density p, (17 ) determines the ground-state wave function and energy,

and other properties” .
V emphasizes the dependence of £, on

E,=E, [ yolt ] the external potential v(7 ), which
differs for different molecules.

E0=<w0 4 > Vilpo]= <‘//in(771')(§”0>

i=1

:T[pO]+I7Ne[IOO]+I7ee[pO] :IPO(F)U(f)dF

However, the functionals 7' [ JoR ] and I7ee [ ol | are unknown.

E, is also written as F-,O ]—]_“[p ]+T7 [,0 ]
Lol — 0 ee L0

Fo=t [,00] < | The functional F [,00] 1S
- I Po dr +F [Po] independent of the external
potential.
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(3) The Hohenberg-kohn variational theorem

“For every trial density function o, (77 ) that satisfies j Ly (I7 )df =n

and P, (f ) > () forall 7, the following inequality holds: £ < E, [ ptr] ,

where F, is the true ground—state energy.”

Proof:

Let P, (77 ) satisfy that j P, (17 )a’l7 =nand p, (77 ) > 0. By the
Hohenberg-Kohn theorem, p_ (77 ) determines the external potential U, ,

and this in turn determines the wave function ¥/, that corresponds to the

density p,, (17 )
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Let us use the wave function i/, as a trial variation function for the molecule

with Hamiltonian [—A[ . According to the variation theorem

<WW :

Since the left hand side of this inequality can be rewritten as

Tlp, )+ V. lp, ]+ [ p,0(F)dr = E,[p,]

One gets [ [,OW ] > E, [/00:

Hohenberg and Kohn proved their theorems only for nondegenerate ground

states. Subsequently, Levy proved the theorems for degenerate ground states.
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(4) The Kohn-Sham method m EI j_[;

If we know the ground-state electron density p, (77 ), the Hohenberg-Kohn
theorem tells us that it is possible in principle to calculate all the ground-state

molecular properties from O, , without having to find the molecular wave

function.

1965, Kohn and Sham devised a practical method for finding 0, (I7 ) and
for finding £, from 0, (7). [Phys. Rev,, 140, A 1133 (1965)]. Their method

1s capable, in principle, of yielding exact results, but because the equations of

the Kohn-Sham (KS) method contain an unknown functional that must be

approximated, the KS formation of DFT yield approximate results.
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Kohn and Sham considered a fictitious reference system s of n noninteracting
electrons that each experience the same external potential U ( ) that makes

the ground-state electron probability density p, (77 ) of the reference system

equal to the exact po( ) of the molecule we are interested in: ps( ) Lo (77 )

Since the electrons do not interact with one another in the reference system,

the Hamiltonian of the reference system is

A, Z[—Evz +v (Z)} = ,Z:‘ﬁ"KS

where IQI_KS 1s the one-electron Kohn-Sham Hamiltonian.

www . kaoyancas . net




www . kaoyancas . net

Thus, the ground-state wave function ¥/ , of the reference system is:
O . 1s a spin function
KS (= P
) I/ll- — 91- (rl )Gl (elthel' a or ﬂ )
X5 'gare Kohn-Sham

Weo = |u1u2 U,

ﬁKS@KS _ gKSeKS
. . _— . . l . .
i i i T orbital energies.

For convenience, the zero subscript on 0O is omitted hereafter.

Define A]_”[p: and AZe [p] as follows:

AT[p]=T]p]
AT 1s the difference in the average The quantityl J‘ J‘ p(?l ) ,0(172 )rl;l dr dF,
ground-state electronic kinetic energy || . o2 . ,
is the classical expression (in atomic
between the molecule and the reference || | jtq) for the electrostatic interelectronic

system of noninteracting electrons. repulsion energy.
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Remember that I ol7 dr + T ]—|— 1766 [p]

With the above definitions, £, [,0] can be written as

1= [ ek s Tlp)e s [AVP) i, atfol e ar. Lo

Define the exchange-correlation energy functional £, . [ p] by

Eylp]=AT|p]+ AV, [p]

Now we have

£, = Elp)= | pFolkir s Tlo)e L[ 2P, [

12 ﬂ
1 /The fourth quantity f/ 1sa relativel%
/T he first three terms on the right ) XC

small term, but 1s not easy to evaluate

side are easy to evaluate from O accurately. The key to accurate KS DFT

and they make the main contributions| | cajculation of molecular properties is to
\to the ground-state energy. ) \geta good approximationto Ey-
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Now we need explicit equations to find the ground-state electron density p |

Since the fictitious system of noninteracting electrons 1s defined to have the

same electron density as that in the ground state of the molecule: O, = O, , it
pP=P.=2

(Using P, = <ws

is readily proved that

— 1
T =
S 2<WS -

Thus E, becomes

Zz j o a’rl <9KS(1jvf ,

=1

T H ,0 d’"ld’”z +Eyc [,0]

.kaoyancas.net
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The Hohenberg-Kohn variational theorem tell us that we can find the

ground-state energy by varying p (subject to the constraint j podr = n) so as
to minimize the functional E |p] . Equivalently, instead of varying p, we

can vary the KS orbitals QiKS . Thus, the Kohn-Sham orbitals are those that

minimize the above energy expression subject to the orthonormality constraint:
};KS (I)QKS (1) — KSQKS (1)

A5 (1) = ——v Z—+jp d7, + U, (1)

with the exchange-correlation potential U . defined by

\_ OE|p(F)]
ch( ) 5,0( )

(If £, [ p( )] is known, its functional derivativev .. is also known.)
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The KS operator }, XS (1) 1s the same as the HF operator except that the

exchange operators in the HF operator are replaced by p e (;7 ), which handles

the effects of both exchange and electron correlation.

(5) Local density approximation

LDA: E*([p)=] p(F)e (p)dr

Compare to uniform electron gas result:

Jellium model: £ = jpgxc (p)dr
(High density limit)
E* 0916

+0.06221n(7. ) — 0.096 + o(r)

www . kaoyancas . net




The Perdew-Zunger Param eterization And the
Uniform Electron Gas Result

* Let's compare the PZ parameterization with the uniform electron gas result
for r; <<1

Uniform Electron gas result :

b 0916 506221n(r ) 0.090+ o(r ) (Ry)
N 7, §

PZ parameterization !

g7 (r)=— 0.916 : Theg'uniform electron gas result

r

) '
£ () <0.0622 In(r.) — 0.096)[0.004 In(r ) — 0.0232]r)

Quantum Monte Carlo result
of Ceperley and Alder
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The Perdew-Zunger Parameterization of f The
Exchange-Correlation Energy (LDA)

E*([p]= | p(F)e™ (p)dr

* Perdew and Zunger’s parameterization of Ceperley and Alder result:

gXC(r) ge)C(r)_'_gCOI’I"( S)

A

:ﬂﬂ]f'3
3

1
yo,

g7 (r)=— 0.916 : The uniform electron gas result

v

s

£ () = — 0.2846 , o
Y (141052977 +0.3334r.) '

£ (1) =0.0622In(r.) — 0.096 +[0.004In(+ ) —0.0232]; 7 <1

P. Perdew and A. Zungerwmmgo\lféﬁgagr%%, 5048 (1981).
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Exchange And Correlation Energies:
LDA vs. Uniform Electron Gas

Uniform electron gas theory :

Perdew-Zunger ~ 0.916

parameterization r

of Cepley-Alder's S
QMC result

+0.06221n(r,) —0.096

I

But electrons in real solids is not a uniform electron gas!
www . kaoyancas.net
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Calculate Effective Potential

VJ (T) = I/ve:b‘i (T) + VH(],ri; ['n} + Vmac [nT, 'n,"l']

Y

Solve KS Equation

(- 492+ V7@ )ur) = eur @)

b

1
(—EVZ + VH + V" + Veﬂ)(ﬂi (I/') = &,0; (l") Calculate Electron Density

‘ 2

n?(r) =3, f7 |97 (r)
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Local Density Approximation:
A unexpected success

Local density approximation is exact for a uniform electron gas
But for any realistic material system, the charge density is far from uniform

Kohn and Sham were careful enough to point this out

Kohn and Sham did not expect that LDA would be useful for

calculating the properties of real materials: “we do not expect

an accurate description of the chemical bonding” (by LDA).

It is still not well understood why LDA works extremely well for a wide
variety of material systems

The success of LDA is UNEXPECTED
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Comments on the DFT methods:

(1) The KS equations are solved in a self-consistent fashion, like the HF equations.

(2) The computation time required for a DFT calculation formally scales the third

power of the number of basis functions.

(3) There is no DF molecular wave function.
(4) The KS orbitals can be used in qualitative MO discussions, like the HF orbitals.

(5) Koopmans’ theorem doesn’t hold here, except giKS (HOMO) = —IP(HOMO)

(6) Various approximate functionals £ . [,0(17 )] are used in molecular

DF calculations. The functional £ . is written as the sum of an
exchange-energy functional £, and a correlation-energy functional £ .. :
E..=E,+E_
(7) Nowadays KS DFT methods are generally believed to be better than
the HF method, gnd i maost cases they are even better than MP2
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Material Properties Studied

Thermal and
Construct model transport Magnetism,

many-boFIy properties Spin-orbit coupling
Hamiltonian ‘ (relativistic effects)

Phonon structure - Quasiparticle excitation
1 l (GW approximation)

Electron-phonon Ground state properties Opitienl safiztion
coupling, (Total energy, crystal (I L e ———

superconductivity structure, elastic

constants, etc.)
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The Nobel Prize in Chemistry 1998

- Kungliga:
W Svenska Vetwriskitpsakademien.
farden 13 oktoba 1998 beslutat
att med dee
NOBELPRIS
sont dettaa dr-tillerfeermes der
S0 gjort den viktugaste- kemiska
upy pitdicktere. eller forbiattringen
micd eviee halften belona

TWalter 7 UIUL )

forhans utv uﬁ:fmr; av tithets
funktionalteorin_

Walter Kohn (1923-)

“for his development of the density-functional theory "
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SCARIZ PR

Heaven of
Chemical Accuracy

» [ |+Unoccupied orbital information

jacob's ladder Hybria J + Explicit occupied orbital information

GGA + Density gradient

LDA + Local density

Earth Perdew PRL.2003

Hartree Theory
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o/l
>\‘§<_‘E
%)

1T LL(LDA)

ELSDAL, ] = / dr p(r)eae(p™(r), 0 (1)

LDA underestimates Ec but overestimates EX, resulting in
unexpectedly good values of Exc.

The LDA has been applied 1n, calculations of band structures
and total energies 1n solid-state physics.

In quantum chemistry,it 1s much less popular, because it fails to
provide results that are accurate enough to permit a quantitative
discussion of the chemical bond 1n molecules.
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7B EITAL(GGA)

* Any real system 1s spatially inhomogeneous, it has a
spatially varying density n(r), 1t would clearly be
useful to also include information on the rate of this
variation in the functional.

In this approximation ,one tries to systematically

calculate gradient-corrections of general functions of
n(r) and Vn(r)

En)= [ d*rf () V()

* Different GGAs differ in the choice of the function
f(n, Vn).

Alex D. Becke

YRR AN SR

John P. Perdew

—E AR Chs 2 o R AN dEAT
wn. kddyhnddsmédl. PBE R
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* GGAs used in quantum chemistry typically proceed
by fitting parameters to test sets of selected molecules.

* Nowadays the most popular GGAs are PBE 1n
physics, and BLYP 1n chemustry.

* Current GGAs seem to give reliable results for all
main types of chemical bonds (covalent, ionic,
metallic and hydrogen bridge).
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Meta-GGA

 In addition to the density and its derivatives, Meta-GGAs
depend also on the Kohn-Sham kinetic-energy density:

. R -
f(r)—%zl_]w,-(r)l

« So that Exc can be written as Exc [n(r), Vn(r), T (r)]. The
additional degree of freedom provided by t 1s used to satisty

additional constraints on Exc.

Meta-GGAs have given favorable results, even when compared
to the best GGAs.

The full potential of this type of approximation 1s only
beginning to be explored systematically.
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Hybrid Functionals

e Common hybrid functional mix a fraction of Hartree-Fock
exchange into the DFT exchange functional.

EX =E " +a(EX™ —E")+bAE ™" +cAE™"

a=0.20,b=0.72,c =0.81 (Becke) 1993)
B3PW91, B3LYP

B3LYP is the main working-horse in computational chemistry
0 DFT t DFT
Exc — Exc + a(E ixac — EX ) (Perdew,1998)

a=0.25 PBEO

www . kaoyancas . net
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LDA: Slater exchange
Vosko-Wilk-Nusair correlation, etc

GGA: Exchange: B88, PW91, PBE, OPTX, HCTH, etc
Correlations: LYP, P86, PW91, PBE, HCTH, etc

Hybrid GGA: B3LYP, B3PWOI1, B3P86, PBEO,
B97-1, B97-2, B98, O3LYP, etc

Meta-GGA: VSXC, PKZB, TPSS, etc

Hybrid meta-GGA: tHCTHh, TPSSh, BMK, etc
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M EAEHZ E(SIC)

Describing the behavior of many electrons interacting via
coulombs’law:

U[n J‘ By I v ,n(*):’lf(ﬂ)

It will vanish for one electron system because of the self-
interaction 1n it.

So we have:
<f}ee>= U[n] -NU["}%’] ’

Fermi and Amaldi 1934(the first version of SIC)
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e Now i1t becomes:

approx,SIC approx
E [y, n 1= £ [ny,n, ] Z(E

Eapprox [ n. OD

10' 102

* This correction can be applied on top of any
approximate density functional, and ensures that the
resulting corrected functional satisfies:

E;zfprox,SlC[n(l) ] O] — _EH [n(l)]

for a one-electron system.
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Optimized Effective Potential (OEP)

 Since orbital functionals depend on the density only
implicitly, we can not directly calculate the functional
derivative via orbitals ¢ [n] .

* In the case of kinetic-energy functional, we use the
Kohn-Sham scheme to minimize E[n].

 In the case of orbital expressions for Exc, the
corresponding indirect scheme 1s known as the
optimized effective potential.
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e The minimization of the orbital functional with
respect to the density 1s achieved by repeated
application of the chain rule for functional derivatives:

SEX'[{4,}]
on(r)

& [arY 5E;’£b {¢}]5¢(r)5v<r>
i 5¢(7”) SV, ") on(r)

v[n](r) =

+c.c]

www . kaoyancas . net
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 Further evaluation of Eq. above gives rise to an
integral equation that determines the  belonging
to the chosen orbital functional v_[n]

Exc[{¢z[n]}]

« KLI(Krieger, L1 and Iafrate) approximation to solve
the full OEP 1ntegral equation. The application of
the OEP methodology to the Fock term 1s as known
as the EXX (extra-exchange method).
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o DL REARE BT B R AL AU
SRS
5 fig 2 i

Eg=eny1(N +1) —en(N)

. WL TR
H'U;(r) +/E(n r's Bi) Ui(r')d*r' = E;Wi(r)
o BRI RL, plasmon-polefEf, HE
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o 2%

» Runge-Gross & H
s fEH=Z K

11 Ea R
A= / it < W(b)iz. — H(H(H) >
to

e TDKSHFE
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SN
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ES

: i [

Vert(z) = vo(r) + v1(r, t)O(t — to)

R W

ni(x) = /d4arx($,$’)1}1($’)

o KSHi N 2R 4
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TDDFT T ) 26 14 Mg v

SRR IV
ni(x) = /dﬁlI!st(fU:i"f)Uksfl(f)

63}){@
ke (2) = (@) + o (o) + [ @t  nolr (2

LA RAZ, AN SR I U
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L(S)DA+U
Mottt Zx /&, Hubbardt= Y
Anisimov et al.: Stoner I -->Hubbard U

WE.
BB Eb[{n}]:%Z(Uﬂ

— U n T
Y1y37Y274 Tlﬁﬂﬁﬂ?ﬁ) Y1Y27 Y374
ol
(nnm

Dudarev et al.: 7E372 R

U —-J)
9 Z (Z ngll,ml — Z nizl,mgn;g,ml)
o

M1 mq,mo
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&) 115 F 13 BEAS

=T 2R N R EE) 15 (G A R a2
ERGLNE iy LD
Ra5 Rk, 25 R R e ik vk

Hubbardffj'% T fEﬁi

EE e %— r
tij‘ 10 :.-'CF + C:,-'CI'CIG" + U Z ﬂ’@Tn‘?l
<1]>,0

HRS j Bl 157
Supp = — jf U/ﬁ a7’ }E:chg e by el
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3
+U /0 drngy(7)ng| (7)

V& TR

Go(iwn) ™" = iwn + p+ Giwn) ™" — R[G(iwy)]
» AndersonZk Jii Fx 1Y

« DFT-DMFT
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FHXT 1 T %5 FE V2 pR 3
o BT LB I MR T R Dirac /iR

hD:ccx-pqL(ﬁ—l)cQJrV(-r)

e Dirac-Coulomb (DC) M2

e Dirac-Coulomb-Breit (DCB) W52 &

((@'i ' @j) n (C’ft sz)(ﬁj ‘ Tij))
ri r3
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HX B2 R 1

. FXHBIE

Kohn-Sham (DKS) 7?%5, %ﬁﬁ)‘ﬁ B
H, %43

[ =81:

B Dirac-

FGaussian® it EEAH

X Tk

— Breit-PauliilzftL  (p/mc)?
— ZORAIIL E /(2mc? = V)

H %S

(ECP) h¥&
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R BRI S
o mnfgIRBIEL IR
. 2§ éIZD[LJF“ ->HessianFE %, 2n+1EH

'\/2
An(r) =4Re > U} (r) A U,(r)
n=1

(Hscr — en)| AV, >= —(AVser — Aep)| Uy >

ED = < vHO 0w > 4 < o vl

kn

+ <O WORY 51+ 3 < o0 vl
k.n

1 0% e
+§/6n(fr)§n(r’) (?“)n (r)

» URFE TR, 3 TR IFE o TR
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JL R Berry/vi #H

° Eiﬁ}ﬁ *&’f/t ’ f\

X E —N L

. HH*%T)LEZKJJ\ BLHE .
k&, BT

BB/

MEENGE

o TRME->ZEMA; ->RA AR
o HMrEREE (B ; i EEBREIAIAED
o ZHIEMN T,

1B B R A 2 8] R R4 AR 4L
n] = 1/ A

& E%%U\_‘?\ B R RS
SENCIE

¢ A ﬁﬂ%éﬁﬂ’%&ﬁn@wﬁ&jﬁ , {HSZILTR L T
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Part 11:Z20U/H
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HUE

« HHEH
— LCAOZE:H (GaussianZE2H .. ZEFE2H)
o S A] P K%
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N

wFEH: MOPWZIPP

& ?BZ/%E'/ :
AR (OPW)
Xkt >= [k +G > = ¢ >< delk + G >

. EA (PP) JiikE
— R NES
SR Y
— KB
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. »

\)
“ N

Muffin-tin#37;-

7%

« Muffin-tin# 3711 LA
— PP (APW)
— PEMRBRETT 2 (KKR)
o ZREATTIA
— LAPW
— LMTO
o TMETTIERIR R
— FP-LAPW
— third-generation MTO, NMTO, EMTO
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AN

WHLH: MUSPP2IPAW

o« PRGN (PAW) 7k
o JERIR BRI A A ]

T—1+Z ‘(Dg |d)? <;51:_‘

. USPP or PAW? (VASP, ABINIT, ...)
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25 ] A

fi] . B

JOVFIERL I I % 3 B AR G 2 1) 11 5
SRS
ZENERRIE
A L5 {50 R 3 A S 4 R A ) A SE B AT
T

MR EERFIRAA 2 i AR R BT
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FR 7299

» Mo =0
N

02

O 2 — Z C?],]*IJ(IT@'_ + nh, Yj Zﬁc) + O(hQE\I—I—Z)
T

m——N

o REFDITVERITHRE AR
— XA AT AL, A Z RS GERLMIARE ) AR i
A (B A MR
— GE RS Tk
— Z JE (multiscale) B{HIAEIE (preconditioning)
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C /N R 2

1’”}\3’ — 1?‘;;{ &, V["Tﬁ,ir o | E--- U 'i;\r

) Q
F g W
LY F \j \-)

-
-

O O 0O Q0 C

\"\.

#
L
) ()
~ - \
™~
~ J
F'L
Y
\/ L
#
@5 O
=
" ' #
\ \

A

\D\EE

(semicardinal)

www . kaoyancas . net




www . kaoyancas . net

Z Vb S S m T ) B R i

ccj!ji;?!{[};%izE 9
38 ) Wannier PR 20 Bl 55 B 50 FE
— AR FRHOEI,  BE R R I e R

—&lF:. FETREREW, E6WRIEE TR
A B U

e 33k [X 3k

2 PERREE 280, crossover
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21

¢ SYIRTTE
o TUKBEAT T A K FELT I T
o HEm/MUITIA
— B R R R /MK
Q = Tr[(3F? — 2F3)(H — puI))]
— BB s /M
Q= Tr[(2 — S)(H — uS)]
— DI H 3 M s ME
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J_A/‘A/L‘\

SR A AN RN

TR AR BRI 358 H T VA
o EHLER (orbital-free,OF) &k

o XA CIAN MR
— M IE A R B ) L
— JUr A 5 4375 154
— TDDFT
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fes: B9 AR

o IANECERFIEYIR . EESAE. £
THEEY, VPR, CI+HD KM
AL S8 1538 R v bR B A B 994 F AR &

— NEERE = AEvdWAH BAEH R 20X REr™
- R S RECRER AR /RIBIZ R . R AE
(seamless) 7%

GWi 1L

22X BEVY RN IR B H (DFAD)

A)
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SR, A %

AAE CRST R i, B (] ROBED
QMMMﬁ&<@ﬂ%%& R FTEVE)

T4 B A RE T 7V
— B a Db E (LST)

— ZRJEZPEE (QST)

S A5 T8 1%
— JHTEHIBN 1% (parallel replica dynamics)
— #8315 (hyperdynamics, metadynamics)

— IREINEPIZ) 1% (temperature accelerated
dynamics )

— PRIESRFRY  (on-the-fly kineric Monte Carlo) J57%
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TG WORASANAN

/\//Tu_l x?il‘_lfﬁi/t\;
%ﬁ RKRGURRYE, HARAINETHEZ
AP e

o ZARFILHEW, GWiLtiBethe-Salpeter 5
i

e TDDFT, Z&{%:mmM
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e

Gaussian, DMol3, Q-Chem, ADF, SIESTA
VASP, CASTEP,ABINIT, PWSCF, CPMD

Octopus
BigDFT
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5.2 FrRWBAAE R

1. #RIER |
AR T, =—limx #:HFS

kB T—0

BN EERN =425, FKEE:

T, =%F _ GBrin)’
k k,

F

g 2m

HAREHRG: ARTRENEREERZEBRTHKEE
=R FERTHEFET

FREREEH T RET R FES B RIRE
EHRAKEEUT, RAKNERBHEFREBASRE .
HHEBEEANLTHEERRREFZRTRET, KRBKSH
T R A 5 A R
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_3n (371'2N)2,3

52m

%?%ﬁ%: EP =Zioc nl’3

i T

3
Ek =g¢9F

ERFEET, BT3iNE, BRHETREERRIFHIE
. ERFEET, HTZEAFHEERRKRRSERMEE,
HLT ] e F T XM SR B E R E AN A E 2 A A

BUIRREX T, BT RGMPRN BT AR B KB AR BY
Luttinger¥& {4 (1D)
THEERKRTF —2222 B — B THEER
B TEH — o ZHTRES
MEBEFEHRERE REERSREREE 12
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MEAEH: )RR RRD MG HZN); Q)BT Bk
FEE— S LH IR ar (Gh IR AT [A))

3. BAIE P KR

HEFEZAR—INERPH RS, BEREEBFERE
ﬁ?j@%¥,ﬁ&%¢%*&% R T EMNTF KRS,
HERFHTE, EmaE RIS EaIRAREZL.

BXBASHIE p ®x

E=E +) e(p;n, nNERTHGEL, EANESHEE.
ARG S=—kyY [n,lnn,+(1—n,)In(1-n,)]
p

EVPEERT, n,BNRRKDAH n, = e[e(p)—ml/kBT 41
e(p)BRER X
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(1). A A B € B B OKTHN AR 1R
EFEST 0 BRI n, =
e(p)EREHR>R
n(k)=Z(k)0[u— (k)] + ®(k) @k)R—AELBNERE.

MEER: —MMENT ATUEEH—IRAT BN 2k )it
JA B HA TR TR (B (1 - Z (k) XTI SRR A O (k)

m—>m =§=> ERFRBEER: 0<Z(k,)<1

k) A

Z(k,)=0: #ERTERRRA
Q2). HERFH B KEF

O

Pliz.2 NHE(REOMERTEAMESIEERE)
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Fermi Liquid Theory

First of all, What 1s Fermi1 Liquid ? If a system 1s described by
the following Hamiltonian, it is called Fermi Liquid :

H=Zgo(k)n(k)+%; 00
k k., k'

where 7(k)=C"(k)C(k) is the number operator in
momentum space

(1) The theory is non-trivial because of the quartic interaction
(2) However, the single-particle picture might work under some

assumptions

www . kaoyancas . net
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Consider a system with 4 fermion interaction. The most general
Hamiltonian 1s :

_)

H =Y &,(k)n(K)+ 3V (k) 6+ K=k k)< € (k)C (£)CUR ()
£ k

1

In weak coupling, some interactions are more important than
the other — by space argument. Take 2D electron gas as an
example. In the weak coupling and low temperature limit, only
electrons very close to the Fermi surface 1s important.

vik) — V(4, 6, 6,8,

www . kaoyancas . net
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Due to momentum conservation, not all angles (4, ¢,, 6,, 6,) are free

Take (6, 6,) as independent parameter Fermi surface
first. For given g , ,the other two /
momenta k,, k, are completely fixed.

However, if  k+k =0 ,the allowed

phase space is enlarged to the whole

Fermi surface. Thus, we expect this

kind of interaction would dominate

over the others.

A(z, Z’) o " (z)w+ (— z)w(z)w(— z) BCS scattering

Note that this argument 1s only appropriate in weak coupling
limit !
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On the other hand, if we take (6, 6;) as independent
parameter, there is another kind of interaction would
dominate the others (by similar argument)

F (;, z') o " (Z)‘//(/_g)w+ (/;) ')W(Z') forward scattering

Thus, in weak coupling, we expect these two interactions are
the most important ones.

(1) For repulsive interaction, it can be shown that the BCS
interaction can be safely ignored — Fermi Liquid !

(2) For attractive interaction, the instability 1s triggered
The system is better described by BCS theory !

www . kaoyancas . net
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Now we are ready to write down the Fermi Liquid Theory in
more familiar form

In weak coupling and at low temperature, the density 1s not
far from the free Fermi distribution. Thus, define the
density variation

An(Z) — n(Z) _ @(k_; _ Z) Rewrite H 1n terms of An(Z)

H= Z@(k k)g(k)+g(k)An(k)+—Z 1k, KOk, — k)O(k, — k')
7 ¥
i Z@(k — I (k. k’)An(k)Jr—z U KYAR(R)An(K)
k k
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Bare energy : £, = 310k, k) &,(k)+ 7> 3 0(ke~K)O(ks~ K)/ (£ K)

P v
It 1s only a constant. Will 1gnore it later.

quasi-particle spectrum :
- - — — 1 - —
H =Y e(k)An(k) where e(k)=sg,(k)+— > f(k,k)
£ <k

Finally , quasi-particle interactions

Hy = 3 Ryl

Collecting all terms, the Hamiltonian is

H = Zg(k)An(k)+—z O AR AR(K)

k k
www . kaoyancas ‘net
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Now use mean-field approximation , we can solve the quasti-
particle distribution self-consistently.

H,, = Ze(Z)An(Z) +2L; f (2, 75') < An(z') > An(z) x 2
P K.k
_ %[g(%)) %% 1k, k) < An(k) >] An(k)

It becomes a quadratic theory and the mean-field dispersion is :

E(K) = e(k) + %% kK < An(R) >

Make use of the MF dispersion , we obtain the self-consistent

equation : 1 N 1
An(k) = —————O(k,— k) , p=m

PLE(R)=#] 4 1 k,T

goyancas net
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Simple Picture for Fermi Liquid

Freetheory: | Now, add in the

> particle-particle
ok interaction
&(k) = o ‘

One quasi-particle ;

L - VZf(k K Ok — k')

Many quasi-particles present :

E(k) = e(k) +%Z FO Y < An(K) >
7;
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Many interesting properties :

(1) Effective mass m :

"o _1vlE 2N £k K) = Y FP(cos)
[

m 3

(2) Specific heat : Linear temperature dependence

C, = lm*kaBZT

3 v, | 1+ £

(3) Sound velocity : v, (0) - 1 P
i _ F

(4) Spin susceptibility :
1 Compare with Curie susceptibilit
- gFi pare w u uscep y
_ 1

Z(T)N? !

4 0www.kaoyancas.net
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BHIE 3R A R = A A BARH B0K TR R MER B
FEMEAERAARMRIRE, BB =4k IEH .

RO

S, B

EE_EBOLARIIE.

— RO

N, ARAL. Dluttinger® ik

—4E: (RAEBUR N B e ov 128 R4 B e 11T B e Y
+ e K EBTFREK.

RFRBABITA: 5RKBBERTE MW B 5R
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THE PHYSICS OF LUTTINGER LIQUIDS

THE LUTTINGER LIQUID:
INTERACTING SYSTEM OF 1D ELECTRONS AT LOW ENERGIES

E(k) A
© FERMI SURFACE HAS ONLY TWO POINTS Ly

!

failure of Landau’ s Fermi liquid picture

—k, + k.

@ ELECTRONS FORM A HARMONIC CHAIN AT LOW ENERGIES

@ 1170/ ST @/ 511 @/ 51 @/ 51T @ 1T @/ 11 «— Coulomb « P

Interaction

b collective exwvitdtponsare vibrational modes
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REMARKABLE PROPERTIES

@ Absence of electron-like quasi-particles
(only collective bosonic excitations)

® Spin-charge separation
(spin and charge are decoupled and propagate with different velocities)

® Absence of jump discontinuity in the momentum distribution at + k.

@ Power-law behavior of various correlation functions and transport
quantities. The exponent depends on the electron-electron interaction

www . kaoyancas . net




www . kaoyancas . net

OUTLINE

@ What 1s a Fermi liquid, and why the Fermi liquid concept breaks in 1D

@ The Tomonaga-Luttinger model

e The TL-Hamiltonian and 1ts bosonization
* Diagonalization

* Bosonic fields and electron operators

* Local density of states

@ Tunneling into a Luttinger liquid
@ Luttinger liquid with a single impurity

@ Physical realizations of Luttinger liquids
www . kaoyancas. net
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SHORTLY ABOUT FERMI LIQUIDS

Landau 1957-1959

Low energy excitations of a system of interacting particles described
in terms of " "quasi-particles’ (single-particle excitations)

@ Key point: quasi-particles have same quantum numbers as the
corresponding non-interacting system (adiabatic continuity)

4

e Start from appropriate noninteracting system

e Renormalization of a set of parameters (e.g. effective mass)

@ Also collective excitations occur (e.g. zero sound) at finite energies
www . kaoyancas.net




www . kaoyancas . net

FERMI LIQUIDS II

Effect of Coulomb interaction 1s to induce a finite life-time <

—

k k+q

}%!

Paul1 exclusion principle

b « only states within kT around Fermi1 sphere available
e quasiparticle states near Fermi sphere scatter only weakly

3D

r.' >0 when k >k,

QUASI- PARTICLE PICTURE IS APPLICABLE IN 3D

kaoyancas.net
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FERMI LIQUIDS II1I

DISPERSION OF EXCITATIONS IN 3D

collective
excitations
(plasmons)

single-particle
excitations

q/kg

L , . nointeracting
@ Finite jump in momentum distribution ]

Z quasi-particle weight

www . kaoyancas . net
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LIFETIME OF ""QUASI-PARTICLES "’

Fermi’ s golden rule yields for the lifetime t

2 . .
%~ —— screened Coulomb interaction

2 —
h/‘ Q"% g(qagéﬂj_gl}’) o

Ty

PPN V(q)

spin energy conservation

= (& I =np (G N =[= (G (&I (&)
| I

scattering out of state k scattering into state k

In 3D an integration over angular dependence takes care of o-function

- \V\P ‘V‘ Pisi — w0,k —>k,
7 fd«ffdfe(éﬁf &= B B

www . kaoyancas . net T=0
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LIFETIME OF ""QUASI-PARTICLES " 1I

What about the lifetime t 1n 1D?

In 1D £, k' are scalars. Integration over £ yields

formally, it diverges

~ da V.
n _J‘ q|V.(q) np(& I —ng (&, )1-2n.(g,)] at small ¢
all@ v o

@ Atsmall T
ne (&)1 =, (6)] > k, TS (6 — &)
1-2n.(¢)=(6—¢&,)/ 2k, T

1/(e—¢&:), g=0 1.e., this ratio cannot be
made arbitrarily small
asin 3D

. 7 /(g—gF)z{

www . kaoyancas . net
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BREAKDOWN OF LANDAU THEORY IN 1D

@ (¢-¢ r )T NO lOIlgGI’ diVGI’gGS at kF(no angular integration over direction of k' asin 3D )

@ collective excitations are plasmons with o, = = v‘k‘

DISPERSION OF EXCITATIONS IN 1D (RPA)

3

gapless
plasmon ()

—— single particle

COLLECTIVE AND"SIRYPESPARTICLE EXCITATION NON DISTINCT



www . kaoyancas . net

THE TOMONAGA-LUTTINGER MODEL

EXACTLY SOLVABLE MODEL FOR INTERACTING
1D ELECTRONS AT LOW ENERGIES

+ E(K)

Assumptions:

@ Only small momenta exchanges are included
@ Dispersion relation is linearized near £,
(both collective and single-particle excitations have linear dispersion)

@ Model becomes exact when linearized branches extend from (—c0,0)

www . kaoyancas . net
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TOMONAGA-LUTTINGER HAMILTONIAN

H=H,+H._

[N

free part Interaction

@ Free part

Hy =) gicic, & =&, — 1= (k|- kv,
k

+
Ci > € fermionic annihilation/creation operators

+ _ _ + + _
{ck,ck.}— Ot ks {ck,ck.} =0, {ck ,ck,}— 0

e Introduce right moving £ > 0, and left moving k < 0 electrons

¢, =cp0(k) +c, 0(-k)
b Hy=nhvy Z k(criCp —CriCri) — (Ng + N )hk, v,

www . kgoyancas.net
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TL HAMILTONIAN II

H=H,+H

Int

[N

@ I[nteractions free part interaction

1 + o+
H =— ZV(Q)Ck CoCrr—gChig H,+H,

L k,k',q#0

backscattering g, forward g, umklapp &, forward g,

: ; : : ........................ »
g WWW . kaoyaéas .net g g




www . kaoyancas . net

BOSONIZATION

BOSONIZATION: EXPRESS FERMIONIC HAMILTONIAN
IN TERMS OF BOSONIC OPERATORS

construct bosonic Hamiltonian with the same spectrun

(a) and (b) have
same spectrum but
different ground
state

Q000

~

) ()

EXCITED STATE CAN BE WRITTEN IN TERMS OF CHARGE
EXCITATIONS,"®RE RSN ELECTRON-HOLE EXCITATIONS
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STEP 1

WHICH OPERATORS DO THE JOB?

Introduce the density operators (create excitation of momentum g)

pR(Q):ZCI—:CkJrq’ pL(Q):ZC;CkJrq

k>0 k<0
and consider their commutation relations

Lgq

12:(q), Pr(—q")] =0, >

7 nearly bosonic
o.(q),p,(=¢")] =—0,, 2Z commutation relations

:pR (Q)a 1% (_q' )wwﬁ oyancas.net
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STEP 1: PROOF

Consider e.g. [,0,(q), Px(—q)]

[0:(9), Pr(=q)] = Z [Cl—(i_ck+q ) C/:Ck'_q ]

k.k'>0

_ + + 7 +
= Z(ck ChrgCrCrog — CuCri_yCiCriy)
k.,k'>0

= Z(c+c O —CriCrrOy i)
algebraof — k™ k'-q~ k+q.k' k™ k+q~ k.k'—q

k.k'>0

— Ze(k + Q)(Cl—:ck o Cl—:+qck+q)

k>0

m=cie, =00k +q)(n, ~n,,,)

occupation operator k>0

fermionic operators

nk—><nk>:1 ziqdk:ﬂ

if k << kF /'w_vvwg%e Oncas.net27z-




www . kaoyancas . net

STEP 2

Examine now [H, pr(q9)]=—ghv.p,(q)
[H,, p,(@)]=qhvep,(q)

STATES CREATED BY p©,ARE EIGENSTATES OF HWITH ENERGY hVFq

&:> BOSONIZED HAMILTONIAN

Thv

Hy=—+ > (P (=) Pr (@) + P (—q) P (@) +

(NG N

H,=> g,()p: () p,(—=9)+ P, () pr(—7))

4#0 / interactions
H, = 2.0 (9P, (=9)+ Pr(@) Pr(-4)

aoy cas.net
q#0
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STEP 2: PROOF

Example: [Hy, pr(q)]=—qhvepr(q)

[Hy, pr(=q)] =7V D klcie,.cicp,]

k.,k'>0

=hvy Zk(ckck'+q5k'k CrCiOf rvg)

k,k'>0

=hv, Z k(cicr,y —CiyciO(k—q))

k.,k'>0

= —vegp (@) + vy D (k+q)cic,,, = —qhvipg(q)

O<k<—gq

www . kaoyancas . net
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STEP 3

Introduce the bosonic operators

\/ﬁ R(Q) a \/% R( q)
q—\/;m( q), b, = \@m(q)

yielding

H = Y45 @) aja, +5b,) + 3 4g,(0)ab, +a;b))

q>0 7 VF q>0

DIAGONALIZATION > ;
I__L> E(q)=hqv(q), V:VF\/[I_I_ g4(Q)j _(gz(Q)j

www . kaoyancas. net 27Z'hVF 27Z'hVF
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SPIN-CHARGE SEPARATION

If we include spin, 1t gets slightly more complicated ... and interesting

Hy =" S (o ()P @)+ Py (~0) P (@)

J[’ o,q#0

and interaction (satisfying SU2 symmetry)

H, —Z(pRa(q)pLa( qQ)+R< L)

oo',q

Introduce the spin and charge densities p=p +py O =0 +0y

|__L> Hamiltonian decouple in two independent spin and charge parts,
with excitations propagating with velocities v,, and v, =V,

www . kaoyancas . net
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SPACE REPRESENTATION

Long wavelength limit (interactions g,(¢) =0, g,(9)=V,)

Appropriate linear combinations I1, 8 of the field p(x) can be defined.
Then one finds

1

H =2 [as gl + L 0,9(e7]
2 g

where

=V, v, B \/1 YPTRY:
g 1-|—I/2/7Z'hVF, V,o_VF ( 5 17U VF)

Luttinger parattiéeerr®asetepulsive interaction



www . kaoyancas . net

BOSONIC REPRESENTATION OF ¥

Fermionic operator ¥ (x) = %che"’“ ~¥,(x)+¥,(x)
k

Wheree.g.

* decreases the number of electrons by one
» displaces the boson configuration for that state

b Express vy 1n the form of a bosonic displacement operator B
e from [¥?,(x),p,(x)]=0(xx") n=R,L

if [B,p,] a c-number
b BOSONIZATION IDENTITY

tikpx —i19R’L (x)

¥ r 1 (X) = by, kByarca€.net U ladder operator, 6 bosonic
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LOCAL DENSITY OF STATES

1) Local density of states at x = 0

(&) = é]@dz ef‘ﬁ”h<{sv(o, t), W(O,O)}} +
{

v density of states of non-interacting system

!
p(&) = Ve (ﬂ) EED gt T=0
vI((g+1/g)/2) ¥ g, cut-off energy

[' gamma function

11) Local density of states at the end of a Luttinger liquid

Wi at 7= 0

_ B
Fen anzancayl?e(tg / 2)( )
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MEASURING THE LDOS

Measurement of the local density of states by tunneling

y

0

H=H+H,+H,

/‘ AN "\ coupling
system 2

system 1
H; = Z(tkpcgpclk +tkpcl+kczp) =H, +H,
kp

www . kaoyanpcas.ne

See e.g. carbon nanotube experiment f)y Bockrath et al. Nature, 397, 598 (1999)
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MEASURING THE LDOS I1

Tunneling current can be evaluated by use of Fermi” s golden rule

I, =e(l —1},) DY Z‘ Ja ‘H ‘ ‘ o(E, EfZI)e_ﬁE
f

a1
\le = Cz ¢

I,  tunneling rate i to j

1
© tkp constant —— J=— delng(&— ) —ng(e—w,)]p(e) p, (&)

L

R= h/(27z‘t‘ Vlvzez)

| +1/g-
B _RJ.dgpLL (&)py (&)= plesie LLto LL
0

LL to metal
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SINGLE IMPURITY

Weak link J
x=0

Again tunneling current can be evaluated by use of Fermi” s golden rule

However, now 1s tunneling from the end of a LL

L

1 _
[ - _jdgpend (g)pend (g) ~ V(z/g ) end tO end
eR g

Charge density wave 1s pinned at the impurity
www . kaoyancas . net
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@ Edge states in fractional quantum Hall effect
@ Single-walled metallic carbon nanotubes

@ Semiconducting quantum wires
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A—REHINER . REREPHIZE HEF 557 RKH
A3d,5E4fm E B R RIE A EER
Friedel 5 Anderson

mETRBAESRU YT R A T RN “ Bk
£” « “HRMLEERR” . “ARUECHRER” =FZ KR,
1T B 2% 5 = R RS

e LA E Y FERYT “mixed valence”. ?Eﬁ?ﬂ'ﬂ’ﬁﬁﬁgﬁ
HAEFermiH LA IETE BRI BeH BB R B fRE
&) , BT AR MBSt T2 BER, XEEE
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Hubbardt& & F1Andersonfi %l
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The Hubbard Model

From simple quantum mechanics to
many-particle interaction in solids

-a short introduction

www . kaoyancas . net
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Historical facts

e Hubbard Model was first
introduced by John
Hubbard in 1963.

Who was Hubbard? He
was born in 1931 and died
1980. Theoretician in solid
state physics, field of work:
Electron correlation in
electron gas and small
band systems. He worked
at the A.E.R.E., Harwell,
U.K., and at the IBM
Research Labs, San José,
USA.

Picture taken from: Physics Today, Vol. 34, N°4, 1981

www . kaoyancas . net
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What, in general, is the HM?

 Hubbard model is a quantum theoretical
model for many-particle interaction in
and with a periodic lattice

It is based on an interaction Hamitonian,
some transformations and assumptions to
be able to treat certain problems (e.g.
magnetic behaviour and phase transitions)
with solid state theory

www . kaoyancas . net
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Quantum mechanics

* Basics: :
. g : h . ., O
— Schrodinger equation (— EVZ + V(F)JV/ =i P Ey

o /

'

H

A

— Expectation values A4 = <¢ A ¢> or A= j (0* A odu

— Orthonormality and closure relation
WZ(A'J)V/I(FJ):51«15(’7’_’7) _‘-V/(Fat)W(Fat)d3r =1

V/k(Fat) =
%/_/

real space fct.

— The bra-ket notation <’7

@,@> (k|l)=6,

state fct.

www . kaoyancas . net
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Basis transformation, mathematically

* A basis transformation can be simply
performed: ., _, |

-3 Jk,)(k, 1

* An equation is transformed the same way:

Aly) =A4-1y)
=AY, |k, ) ko |w)
=;WkaA‘ka>

www . kaoyancas . net
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Single particle equations

e Particle in a potential:

— Periodic potentials:

V(F)=V (¥ +nR)

* Solution for weak coupling to potential:

Bloch wave q

()= Wexp(ﬂ}’f)u,; (F)

www . kaoyancas . net
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Single particle equations
h'k’

 Dispersion relation for free electrons (dashed line): () ( E) -
2m

e(k)

* Dispersion t®
relation for _

Bloch electrons
(quasi-
free)(solid line):
The energies at
k =G are no
longer
degenerated.
Two
eigenenergies
at those points.

Fi=it0.,0.) X =.0) M = (n,x) r
-k
www_kaoyancas-net  Graph from Gerd Czycholl, , Theoretische Festkérperphysik, Vieweg-Verlag
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Single particle equations

« Stronger lattice potential: coupling to lattice
points occurs; a modified Bloch wave is used,
e.g. Wannier states resulting from the Tight-
Binding-Model.

.1 o
v (F)= WZ exp(ikR)w, (¥ — R)
R

e Wannier states produce an orthonormal base of
localized states; atomic wavefunctions would also
be localized, but they are not orthonormal.

www . kaoyancas . net
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Comparison between the two new
wavefunctions

- . 1 . L
w.(r)= LeXp(ikF)uE (r) v, (r)= ﬁ;exp(zkmwn (F—R)

w(x) Graph from Gerd Czycholl, ,Theoretische Festkérperphysik®, Vieweg-Verlag

Bloch wavefunction 0.8

Graph from Gerd Czycholl, ,Theoretische Festkérperphysik®, Vieweg-Verlag

j“

i A
60 »0

)

“Wannier wavefunction (w-part)

www . kaoyancas . net
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Waveftunction for many particles

Wavefunction 1s not simply the product of
all single particle wavefunctions;

1. Particles can not be differed
2. Fermions must obey Pauli principle

Ansatz: Slaterdeterminante

1

‘Wkl ok, (1"°Ne )> =

www . kaoyancas . net
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Second Quantization for Fermions

e Creation and distruction operators create or destroy
states:

cl...1...0...1...1..

www . kaoyancas . net
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Second Quantization

 The operators fulfill the commutator relation:

. . . + +
[cka,ckal _ckacka +ckacka _0_ cka,ckal

[cka ’c;ﬂ]o = 56!,8 =

1 fora=p

0 else

 This is a must, otherwise one would disturb
closure relation and orthonormality of
wavefunctions described by second quantization

www . kaoyancas . net
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Hamiltonian for many particles

 Summation over all single particles Hamiltonians +
interaction Hamiltonian:

=2
_ é?;n +V(#)and H, :;u(ﬁ—f})

Ne
H=H,+H, with Hy=)
i=l1

 interaction potential u is the repulsive Coulomb

interaction
2

www . kaoyancas . net
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Operators in second quantization

www . kaoyancas . net
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Operators in second quantization

A= T A7)

1 i) (i (1) (4) S
4@) =EZ Z ka>()()<kaHkﬂ>J J<kﬂ =)

i#j a,B,y,0

1 (i) (1) (i) (/)
=EZ Zka> kﬂ>1 <ka‘l<k,3

i#j a,B,y,0

1 i i) (Jj i
L Sk )

a,B.y,0 i#j

Q0

2 _1 (2) R~
A = E ﬂz;:kak,, e des €k, Coe g €, Chs
a,p,y,0=

www . kaoyancas . net
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Hamiltonian in second quantization

e Is transformed like the one-particle operator A® and
the two-particle operator A

2

1
0—)H=Zt c e, +— Zu c ¢
bk s €k, Ol ek ok fos Cle,, Chig

C
2 o bk Gk

kak ﬂ kak ﬂk},k S

www . kaoyancas . net
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Hamiltonian in second quantization

* Now: Matrix element ¥; 5k J;must be determined.
Herefore, a wavefunction has to be chosen.

— Example: Bloch-wave

H =Z[.9AI€) c%ac s
nko

+ -
. ; - )u(”11;10'1 X”zi"zo'z )»(”3@034X”4ﬁ4@1)c’ﬁ;101 c”z’:'zo'z c”3’%°3 c”4’;4021

mko; ) . \nyoy

www . kaoyancas . net
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Coming closer to Hubbard...

Evaluation of matrix elements with Wannier wave functions:

+
H— Ztkakﬂ cka Ckﬂ + Zukakﬂ 9k k5 cka ck,B ck}/ cké'
k Kk B kak ﬂk},ks

+
H - Z { R,n’ﬁ’cnﬁocn'ﬁ'a

o> i

-+ -+
C C ,C C
Z anIanRz).(n3R3Xn4R4) anIO' n2R20' n3R30' n4R40'
”1R1 n4R4

www . kaoyancas . net
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Final Assumptions

 Now: only direct neighbor interactions, restriction to
one band.

d3lf'd3 ’

\" r\

A)‘ d*rd’r’

F- "\

H w' F)w(F = A)\w(r")| d’rd’r

\r r\

www . kaoyancas . net
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Meaning of matrix elements
t: single particle hopping

U: Hubbard-U, describes onsite-Coulomb
Interaction

V: Nearest-neighbor (density) interaction

X: conditional hopping interaction

i
E

¥+ 4+t +F++ 4
(a}

4+ " ErEE

- "

E1.2.5 Tlubbard #E32gR T 5935 AH

(@) WNEREEH— PRF; 3) MERIARA
www . kaoyancas gt EmRE mE M T

E
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The Hubbard Models

e simple Hubbard model

H = Z Z"' +Ciric TU zﬁ:c}ncmcﬁcm

Ro An.n.

e extended Hubbard model

1
H _H+ szcq cﬁacﬁa cRO'
RA oo’

« and any combination of matrix elements...

www . kaoyancas . net
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Mott-Hubbard transition, insulating (Mott)
phase

Case 1: Strong coupling, U/t >> 1: Mott insulating
state for a half-filled system. The density of states
(available states for adding or removing particle) consits
of 2 “Hubbard bands " at E,and E,+U. The system 1s
insulating if Eg.,,; 1s between the bands. This phase is
antiferromagnetic, remember the Heisenberg term.

U

E L]
WWw .E&?Jyancas .net ferm




www . kaoyancas . net

Mott-Hubbard transition, metallic phase

Case 2: t/U>>1, weak coupling: Gap disappears, density of
states unchanged to simple tight-binding; the Fermi energy
now lies in the band middle and the system 1s metallic. This
transition from insulating to metallic due to changes in U/t 1s
called Mott-Hubbard transition.

www . kaoyancas. net Eﬂ EfEI"I'I‘II
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Mott-Hubbard transition

U

i -
En- Efermi E

T 1, F Hubbard ¥ e > & Hubbard #, FHRHBEF—70N BT

2
e

V =-
4re  er

T, b Hubbard % FERBEHET, B BIEAGRTF -2 BA:

2
e

V =- e
dre ,&er
HHETREREEFE , EFRKE 1/ ETERT-ZRWNHIR Ka, :

ak, >1

i, RAMER, BIX RN JEIeR &

www . kaoyancas . net
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Some Examples...

Let‘s look at the following case:
2D square lattice, the band we restrict to is half filled

O O O O
O o O
t
O uO
t

O

O O O

www . kaoyancas . net
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Antiferromagnetism for half-filling

-+ +
H = Z Zt" -Cisiic TU Z CirCirCriCry
Ro An.n. R
U/t>>1, strong coupling: Spin-spin interaction expected
(direct exchange interaction, RKKY interaction, super-
exchange interaction): virtual hopping is introduced, treated
as perturbation. Calculation and operator relations yield as
only dynamical part

This is exactly the Heisenberg Hamiltonian for
antiferromagnetic exchange coupling with
coupling constant J.

www . kaoyancas . net
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Dependence of phases on U/t and n (where n=number of
electrons/lattice site)

The following graph is shown without any warranty:
(Perturbation theory can not be applied in the mid
region of U/t)

Graph from P. Fazekas, Electron correlation and magnetism

U
www . kaoyancas . net
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Limits of the model

 The Hamiltonian is in principle applicable for every
solid state problem; often, a screened potential instead
of the unscreened Coulomb potential is used

Up to now, the problem is to find calculable
wavefunctions; the problem is often not analytically
solvable. The advantage of the Hamiltonian, not to be
restricted to very special conditions, is the disadvantage
during the calculation

www . kaoyancas . net
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Conclusions

« Hubbard Model is derived from many-
fermion Hamiltonian

* Is a powerful model to describe phases in
terms of interactions

Graphs taken from:

Theoretische Festkorperphysik / Gerd Czycholl.
- Braunschweig ; Wiesbaden : Vieweg, 2000

Lecture notes on electron correlation and magnetism / Patrik Fazekas.
- Singapore : World Scientific, 1999

Thanks to Gerd Czycholl for writing the book ,Theoretische Festkorperphysik®

www . kaoyancas . net
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Hubbard/bFEF1# 240, AndersontsZ |k B Sk b ¥R 4045
KERIRS . ikBEHamiltonE:

H=Z E(k)n+JS-5 S:Z&FAMRHEE i
N B R AR R T B R B e B

JjSIS'—ﬁs 6] FI3Z #AE FHAR 47

X— BT SHIFERIIRIE .

SINFEALAERERU, H AR R E F I INEiEg, BE4THH
B K FermiTa YL, HS5EE n,,, mELHTFNC,,

Anderson Hamilton :

H = Z E(k)n s +Unn, +E, (i +n, ¢)+2de(Cd5Ck5+cc)

d - kl%ﬁlﬁ RV, EREHIE ¢dﬁﬂ%‘u73%¥ﬂﬁ%? FFEHN Friedel 34575
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BT 5l B O 18 2 KRS IE SN 51 2 A d FEL T 3L 3R

EIREE: A= ﬂ(Vdi )P(E ;) PHTSEE o
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ME,<E,, AIU<nzm HREHIH

p‘ : . xly=ndig

0 0.2 : ! 0.8 |H

B1.2.7 B3 ENRALERR e
e REDIE Anderson5 Kondo<534:

R ¢, SHRE K H HE TS fHRE: 1
BAFERBREET &, MNFEEREELEE.
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